The optical response of CdSe semiconductor nanocrystals is investigated using the reduced single-electron density matrix in real space, calculated by means of the time-dependent HartreeFock technique. The spectroscopic signatures of exciton confinement are analyzed using the frequency-dependent electronic coherence matrix ͑off-diagonal density-matrix elements͒. The effects of Hartree and the Fock ͑exchange͒ type Coulomb interactions on the exciton binding energy are discussed. The latter result in almost dark excitons situated energetically below the main transition. Off-diagonal Coulomb matrix elements lead to larger exciton binding energies compared with previous calculations, and result in a better agreement of the size dependence of the lowest optical transition with experiment.
I. INTRODUCTION
Studies of semiconductor nanocrystals in the size range of 10-100 Å are currently drawing a considerable experimental and theoretical attention. [24] [25] [26] [27] [28] [29] [30] [31] [32] In spite of the similarity of their lattice structure to bulk semiconductors, nanocrystals possess dramatically different size-dependent electronic and optical properties. The confinement-induced quantization of the continuous bulk band-structure results in discrete electronic energy levels and a discrete optical spectrum, which is shifted towards higher energies with decreasing size. 5, 6 Semiconductor nanocrystals constitute an ideal system for exploring systematically the evolution of material properties from molecular to bulk. [1] [2] [3] [4] [5] [6] Numerous experimental studies of optical characteristics of semiconductor nanocrystals have been performed, yielding information about the size-scaling of electronic transitions, coupling with phonons, and optical nonlinearities. The linear absorption, has been studied in Ref. 7 , and nonlinear measurements including three-pulse photon echo, 8, 13 pump-probe, 14, 17, 18 Raman spectroscopy, 21 Stark spectroscopy, 11 fluorescence, 9, 10, 12, 16, 19, 20, 22, 23 and electroluminescence 9, 15 have been reported. Nanocrystals of various materials have been investigated including CdSe, CdS, CdTe, Si, and Ge. 6, 16, 21 Many different theoretical techniques were developed and applied to investigate the optical properties of nanocrystals. [24] [25] [26] [27] [28] [29] [30] [31] [32] These can be classified into two main categories. The first, approach the nanocrystal from the bulk limit and make use of parameters obtained from the macroscopic band-structure. The effective mass approximation ͑EMA͒ 24, 25 and the empirical pseudopotential method ͑EPM͒ 27, 28 are the most widely used. In the second group, the nanocrystal is built microscopically out of individual atoms, and the coupling of their orbitals is considered explicitly. The starting point is then a tight-binding ͑TB͒ Hamiltonian, [29] [30] [31] [32] and the nanocrystal is treated as a large molecule.
The EMA which only uses the bulk effective mass, works well for large nanocrystals in the vicinity of the fundamental band gap energy and predicts the observed trend of increased band gap for smaller sizes. For very small sizes, however, it significantly overestimates this effect. More rigorous extensions have introduced confined envelope wavefunctions for electrons and holes as well as the Coulomb interaction. 33 Nonparabolicities of the band-structures and effects due to valence band mixing have been included as well. 25, 34 These lead to a better agreement of the calculated size-dependent band gap with experiment. Nonlinear optical properties have been investigated in Refs. 33 and 34. For small systems, however, the assumptions used in these models no longer hold.
The EPM has been first applied to semiconductor nanocrystals by imposing boundary conditions on the pseudopotential solution for the bulk. 27 In this method only the k-points determined by the infinite potential at the boundary are retained, resulting in a discrete spectrum. It is however impossible to apply this approach to investigate surface effects, and it is further restricted to simple nanocrystal shapes. These drawbacks were later overcome by introducing an empirical pseudopotential, which is continuous in momentum space, and allows to perform the calculation in real space. 28 Compared with the EMA, these methods give better agreement with observed size dependence of the exciton energies. However, the Coulomb interaction is not treated consistently in these models; to obtain the exciton energies, a Coulomb energy, which is inversely proportional to the system size, has been subtracted from the calculated single-particle energies. 27, 28 In contrast, calculations based on the TB approximation allow a fully microscopic study of the properties of the semiconductor nanocrystals in real space. These methods, which are tractable only for small sizes, provide an intuitive realspace physical picture, and are also well suited to incorporate surface effects, which are believed to strongly affect many optical properties. 22, 23, 31 In the tight-binding ͑TB͒ models solved using a Green's function recursion 29, 30 and the timedependent checkerboard propagation 31,32 single-particle calculations showed the variation of the band gap and the density of states 29, 30 with size. Most of these calculations, however, did not yield optical properties, such as the absorption spectrum, but only discussed the single-particle density of states. 29, 31, 32 In Ref. 30 the absorption spectrum of CdSe near the gap was calculated in the single-particle framework. Recently the electron-hole term of the Coulomb interaction has been included in the density of states calculation using a time-dependent technique. 32 So far no TB calculation of linear and nonlinear optical signals has been reported.
In this paper we develop the TB model to investigate the linear optical response of CdSe nanocrystals. Our approach is based on dynamical equations of motion for the reduced single-electron density matrix, derived using the timedependent Hartree-Fock ͑TDHF͒ procedure. 35 The TDHF was successfully applied to calculate linear and nonlinear optical properties of -conjugated polyenes and inorganic semiconductors. In the polymer case, the Pariser-Parr-Pople ͑PPP͒ model was employed, where each carbon atom has a single orbital. Using the TDHF framework, closed equations of motion for the reduced singleelectron density matrix were derived, and successfully applied to investigate the optical properties. [36] [37] [38] [39] [40] [41] Equations of motion developed for Frenkel exciton systems such as molecular aggregates reduce to the TDHF once the local-field approximation is made. 42 The TDHF thus allows a unified treatment of the optical response of semiconductor nanostructures, conjugated polyenes, and molecular aggregates.
Calculations of optical properties of inorganic semiconductors, are usually made using the semiconductor Bloch equations ͑SBE͒, [43] [44] [45] which are also based on the TDHF. 46 The SBE are dynamical equations for intra-and inter-band components of the density matrix, and their derivation relies on the distinction between electron and holes, i.e. on a bandstructure calculation. Depending on the level of sophistication and the system studied, one may adopt a two-band ͑one valence and one conduction band͒ or a multi-band model. These equations have been solved for bulk semiconductors 46, 47 and large semiconductor nanostructures. [48] [49] [50] Usually the calculations are performed in k-space, assuming an infinite system and homogeneous excitation. In our treatment we describe the nanocrystal directly in real space, considering explicitly the atomic orbitals and their couplings. We do not use confined wavefunctions, which would require a continuous interpolation of the realspace coordinates, 33, 34 but rather work in the ͑discrete͒ site representation, which allows us to directly investigate the atomic charges and the coherences between electrons on different orbitals and atoms.
We apply our approach to CdSe nanocrystals using a model which includes 5 atomic orbitals ͑one s, three p, and one s* orbital͒ on each atom. 51 The model includes two atoms and 8 valence electrons in a unit cell. In the bulk limit the 10 orbitals per unit cell result in 10 bands. We built an almost spherical nanocrystal by starting from a central atom and constructing n shells around it. 29, 31 To calculate the ground state we consider the atomic energies and TB coupling between adjacent atoms. This model provides an adequate description of the highest valence bands and the lowest conduction band in a wide variety of materials. 51 Using the TDHF scheme, we derive closed equations of motion for the reduced single-electron density matrix of our multiband model. These equations, which are similar to the multi-subband SBE used in the description of optical properties of semiconductor quantum wells 48, 49 and superlattices, 50 can be used to calculate the linear as well as the nonlinear optical response of the nanocrystal. The direct ͑Hartree͒ and exchange ͑Fock͒ Coulomb interactions are properly included. Our numerical applications focus on the linear response where only the electron-hole part of the density matrix contributes. We study the size dependence of the lowest absorption feature. Our approach may be used to interpret the recently observed complexities of the optical transitions, 17 i.e., the many transitions show up in the linear absorption, due to the presence of multiple valence bands. The exciton fine structure 12, 18 may be investigated as well. The Fock ͑exchange͒ interaction results in optically almostforbidden excitons situated energetically below the main transition. Such low lying dark states should have a strong effect on the luminescence 52, 53 by increasing the radiative lifetime. The nature of the luminescence is currently under active debate 12, 20, 52, 53 and has important implications on electroluminescence in semiconductor nanoparticles. All of these effects can be studied directly in real space, using the density-matrix approach, which also allows us to investigate correlations between electrons on different atoms.
II. TIME EVOLUTION OF THE SINGLE-ELECTRON DENSITY MATRIX IN REAL SPACE
In this section we formulate the optical response of semiconductor nanocrystals using the real-space representation of the reduced single-electron density matrix and the TDHF scheme. Our theory starts with the Hamiltonian
where
Here ĉ i † (ĉ i ) are the creation ͑annihilation͒ operators for electrons in orbital on atom i, which satisfy the Fermi anti-commutation relations;
͑2.3͒
The diagonal elements T ii represent the energy of an electron in orbital on site i, whereas the off-diagonal elements T i 1 
͑2.18͒
The first two terms in Eq. ͑2.18͒ give the homogeneous part of the equation, whereas the third term describes the coupling to the external field. Writing these equations explicitly, including all the summations contained in the matrix structure of the quantities appearing in Eq. ͑2.18͒ results in
Here we have added a dephasing time T 2 which results in a Lorentzian line broadening of the calculated absorption spectra. Equation ͑2.19͒ fully determines the linear response and its solution provides all the information about the absorption spectrum as well as the nature of individual transitions ͑i.e., exciton wavefunctions, surface states, etc.͒. The Coulomb terms (V 1 ) couple of all components of the density matrix, which is reflected by the summations over the sites as well as the orbitals. These summations include the direct attractive ͑Hartree͒ Coulomb potential between electrons and holes, which leads to excitons, as well as the repulsive ͑Fock͒ exchange interaction. This second type of interaction, which is known to be negligible in the bulk limit 46, 54 has been found to become more important with decreasing size. 12, 18 In addition to the exchange interaction, we also include off-diagonal Coulomb-matrix elements ͑see Appendix B͒ which have been neglected in earlier treatments. 32 In the next section we show that this proper inclusion of the Coulomb interaction results in larger exciton binding energies and is a better agreement with experiment.
Equation ͑2.
19͒ can be used to analyze the optical properties of nanocrystals over the entire size range all the way to the bulk. The standard Wannier-equation for the exciton 46, 54 is recovered by neglecting the Fock-exchange terms, performing a continuous interpolation, transforming into relative and center-of-mass coordinates and assuming a homogeneous excitation, Eq. ͑2.19͒. In Appendices B and C we transform our equations to the molecular-orbital ͑MO͒ basis. 37 The standard bulk treatments are made using this basis and the analysis is sometimes more transparent in this representation. It should be emphasized that it is possible to separate the e-h part of the density matrix directly in realspace without transforming to the MO basis; within the TDHF this can be done simply by applying a commutator.
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III. APPLICATION TO CdSe NANOCRYSTALS
We have considered spherical semiconductor nanocrystals with 2, 3, 4, and 5 shells which have 17, 41, 83, 147 atoms, respectively. The center atom, which we call 0th shell, can be either Cd or Se. Se and Cd then appear alternately with increasing shell number until the surface atoms are reached. The coordinates were chosen as follows. The center atom is located at the origin (x,y,z)ϭ(0,0,0). On the 1st shell 4 atoms are placed at (a/4,Ϫa/4,Ϫa/4), (Ϫa/4,a/4,Ϫa/4), (Ϫa/4,Ϫa/4,a/4), and (a/4,a/4,a/4). Here a is the lattice constant of CdSe which has a zincblende structure. The positions of all atoms in the 2nd and higher shells are uniquely determined by the zincblende structure. The structure of the system is thus uniquely specified by the number of atoms ͑or shells͒ and the type of the surface atoms ͑or the center atom͒. In the following, we denote the systems by the number of shells and the type of the surface atoms. For example, ''3-Cd'' denotes a nanocrystal with 3 shells ͑41 atoms͒ and Cd surface atoms ͑since the number of shells is odd, the center atom is Se in this case͒.
Surface atoms in nanocrystals have dangling bonds which strongly affect the optical spectra, by adding new absorption lines, some of which may be within the band gap. 31 In practice these bonds are usually passivated by an adsorbed species, and in order to compare with experiment they need to be removed. This is readily done by using sp 3 hybrid orbitals and an s* orbital instead of the s, p and s* orbitals. The transformation between the two sets of orbitals is given in Ref. 55 . In a zincblende structure the hybrid orbitals point in the direction of the bonds: dangling bonds can be easily removed by simply eliminating the corresponding row and column from the Fock matrix.
The T matrix elements ͑Table I͒ have been obtained by fitting to the symmetry points of the band structure of bulk CdSe, 29, 31, 51 assuming that electron hopping occurs only between nearest neighbor atoms. We have used Slater's approximate analytical wavefunctions, 56 given in Table II and  the resulting Coulomb integrals are given in Table III . The matrix elements of V 1 obtained using the monopolemonopole approximation are evaluated in Appendix D. The elements of the dipole operator, which can be evaluated analytically, are introduced in Appendix E and are given in Table IV .
In our ground state calculations we have neglected the Coulomb-terms in the Fock matrix h(). This was necessary, since we used single-electron TB parameters, which are known to reproduce the bulk band-structure. 29, 31, 51 Therefore T already takes into account some Coulomb interaction effects. If we include the full Coulomb interaction in the calculation of the TDHF equation ͑2.19͒, we would count parts of the Coulomb interaction twice. In calculating the ground state reduced density matrix Eq. ͑2.14͒, we therefore took T to be the stationary Fock matrix, that is,
instead of Eq. ͑2.11͒.
We first calculated the density of states by diagonalizing the Fock matrices in ͑3.1͒. Figure 1 shows the results for the 2-, 3-, 4-, and 5-Se, and 2-, 3-, 4-, and 5-Cd crystals, respectively. The low energy peaks in the density of states, which can be seen around Ϫ12 eV, originate from the Selenium 4s atomic orbitals. In the bulk limit, the width of this peak reflects the bandwidth of this narrow low-lying band, 31 which is energetically isolated from all other bands. The states in the range Ϫ10 to 0 eV are given by a mixture of the s and p orbitals of both the Se and the Cd atoms. In the bulk these states result in three bands, which have p character, that are situated in this energetic region. In all cases, these lower-lying valence states, which are occupied in the ground state, are separated by a band gap, which increases with decreasing size, from the higher lying ͑positive energy͒ states. In the bulk the states above the gap result in six conduction bands. Altogether our 5 orbital per Se and Cd atom model becomes a 10 band model in the bulk limit, including 4 valence and 6 conduction bands. Our results shown in Fig. 1 agree with the calculations of Hill and Whaley. 31 For both the 5-Cd and 5-Se case, we find an energy gap of about 3 eV. We further note that the differences in the density of states of the nanocrystals with a Se or a Cd surface get smaller with increasing size, as the same bulk limit is approached.
To calculate the linear absorption, we assume that initially all the valence states below the gap are filled. We then integrate either Eqs. ͑2.19͒ in real-space, or Eq. ͑B9͒ in the MO representation in the time domain by applying an ultrashort pulse, polarized along the z-direction ͑001͒, and calculated the time evolution of the density matrix. We used a laser pulse with a Gaussian envelope, i.e., E(t) ϰ e (Ϫ(t/ t) 2 ) , and a duration of tϭ0.1 fs. ͑The spectral width of this ultrashort pulse is about 22 eV.͒ We included a dephasing time of T 2 ϭ12.5 fs and propagated in time until typically 6T 2 after the maximum of the laser pulse, using the fourth order Runge-Kutta method with a time-step of 0.004 fs. After this time most of the optical excitation has decayed. The linear optical spectrum is then obtained by a Fourier transform of the time-dependent polarization
This gives the complex linear polarizability whose imaginary part ␣() is proportional to the absorption lineshape:
where E() is the Fourier transform of the exciting laser pulse. In Figs. 2, 3 , and 4, we display the resulting linear absorption spectra. Figure 2 shows the result for 5-Se. Comparison of the results obtained with and without Coulomb interaction, ͓calculated solving Eq. ͑2.19͔͒, demonstrates that in the vicinity of the band gap the excitonic effects lead to a red shift in the absorption spectra and an enhancement of the absorption. The higher lying transitions are also shifted towards lower energies, as shown in the extended scale ͑bot-tom panel͒. Similar trends can be seen in Fig. 3 , where the same quantities are displayed for 5-Cd.
The size dependence of the absorption spectra near the band gap is shown in Fig. 4 for 3, 4 , and 5 shell nanocrystals with different surfaces. These plots display the increased shift of the absorption lines due to the Coulomb interaction with decreasing size. Within the EMA it was for example predicted that the exciton binding energy should scale like 1/R, where R is the radius of the nanocrystal. The EMA fails to reproduce the experimentally observed absorption spectra for small sizes. 32 The weak absorption peaks appearing below the main absorption line result from the Coulomb exchange interaction, which leads to almost dark excitons situated energetically below the main transition. 12, 20, 52, 53 These features disappear when the exchange term is neglected. Although the nanocrystals investigated here are too small to compare directly with experiment, this result seems to reinforce the idea that the lowest state is nearly forbidden and that the luminescence should therefore be long lived. 12 In the following we analyze the size dependence of the lowest absorption feature and of the exciton binding energy and compare them with results of the EMA and with experiment. Figure 5 shows the lowest strong peak ͑indicated by a * in Fig. 4͒ as a function of the nanocrystal diameter. Without Coulomb interaction ͓dotted line ͑A͒ in Fig. 5͔͒ the band gap is too high. Using the diagonal approximation within the MO basis, retaining only the attractive Hartree-term ͓Eq. ͑B11͔͒, the energy of the lowest absorption feature decreases. 32 This effect is shown as a dashed-dotted line ͑B͒. The inclusion of the Fock term ͓Eq. ͑B10͔͒, which represents a repulsive potential between electrons and holes, increases the exciton energy ͓see long-dashed line ͑C͔͒. As expected, the importance of the Fock term increases with decreasing system size, since this term is negligible for bulk semiconductors. 46, 54 Previous calculations have neglected this term also for nanocrystals. 32 However, for the small nanocrystals studied in this paper this term may not be neglected.
To obtain lower exciton energies, and a better agreement with experiment, 32 one needs to include also the off-diagonal terms of the Coulomb interaction ͓Eq. ͑B9͒ and ͑2.19͔͒. As shown in Fig. 5 ͑curve D͒, these off-diagonal terms reduce the exciton energies even below the values obtained in the diagonal Hartree approximation. ͑For the Se surface case the exciton energy including the contribution of the off-diagonal terms comes at even higher energy than the case with the diagonal Hartree-Fock exciton energy. However there is no inconsistency here. In the case of the calculation including the off-diagonal terms there are some absorption peaks in the energy region which is lower than the lowest strong peak as in Fig. 4 .͒ Within the calculation which includes the offdiagonal terms, the resulting excitons can be viewed as real collective excitations, because all the electron-hole components of the density matrix are coupled. All of these conclusions are consistent with Fig. 6 , which shows the exciton binding energies for the same approximations shown in Fig.  5 . To obtain these values we computed the absorption spectra for different models. The binding energy is then given by the difference between the spectral position of the exciton compared to calculation ͑A͒ in Fig. 5 , where the Coulomb interaction has been neglected.
In Fig. 7 we compare our values for the size-dependent exciton energies with previous calculations 24, 32 and with experiment. The EMA results in too high exciton energies, and our results are much closer to the experiment. Here we compare the lowest strong absorption peak of the Cd surface nanocrystal with experiment. This is because the difference of the surface of the nanocrystal is not distinguished in the experiment of the absorption. Then it turns out that the avarage for the Cd and Se surface case should be taken to compare the experimental results. The lowest strong absorption peak of the Cd surface case shows the lower energy than the Se surface case, so that this peak become the lowest strong peak when the avarage of absorption spectrum of the Cd and Se surface case is taken. By including off-diagonal Coulomb-matrix elements, we obtained larger exciton binding energies ͑and therefore lower exciton energies͒, compared to previous TB methods, 32 in better agreement with experiment.
The electronic density matrix allows a direct real-space interpretation of optical excitations. The eigenmodes of the linear TDHF equations constitute a set of electron-hole oscillators. The dynamics of electronic excitations is thus mapped onto a set of coupled real space oscillators and the optical response may be interpreted without alluding to specific eigenstates. For linear polyenes, contour plots of the density matrix show the charges and the electronic coherences induced by the electric field at a given frequency. To apply the same analysis we introduce the electronic coherence matrix between atom i and an atom j c i, j ϭ͑1Ϫ␦ i j ͒ͱ ͚ 1 2
where ␦ i j mation of ␦ i j 1 2 (t). This represents the off-diagonal density matrix between two atoms, averaged over the various orbitals. The electronic coherence matrix for the ground state and in the lowest-lying excited states along the ͑011͒ direction and the ͑110͒ direction for 3-, 4-, and 5-Cd are shown in Fig.  8 . ͓Calculations made along the ͑101͒ and ͑-101͒ directions are exactly the same as the ͑011͒ calculations. Calculations for the Se surface are also very similar. These are not shown.͔ Figures 8͑a͒-8͑c͒ shows that the ground state correlations ͓obtained by replacing ␦ with in Eq. ͑3.5͔͒ are of very short range. Only electrons on nearest neighbor and next-nearest neighbor atoms are correlated, i.e. have any coherence. However, for the excited states these electronic coherences extend over a much larger range. The extent of these coherences is for these sizes of the nanocrystals mainly determined by the physical size of the nanocrystal. Figs. 8͑d͒-8͑i͒ therefore illustrates how the optical excitation induces electronic coherence in the system. This is very similar to the behavior in conjugated polyenes. 41 Since the correlation are similar in both directions, we can conclude that the excitons are spherical. Furthermore the large values of the coherences around the central atom indicates that the lowest exciton is mainly concentrated near the nanocrystal center. Had this been a surface state, the correlation matrix would look completely different; the largest values would be in the outer shells. For large nanocrystals we approach the bulk limit, and the lowest excitation evolves into the Wannierexciton. The electronic correlation of the Wannier-exciton, which is a hydrogenic 1s wavefunction for the relative coordinate with a Bohr radius of 55.9 Å for CdSe and has no dependence on the center-of-mass coordinate, 46 is shown in Fig. 9͑b͒ . For large nanocrystals with radius comparable or larger than the Bohr radius of the bulk exciton ͑which corresponds to 30 shells or more͒ the intrinsic coherence length, which can be determined from Fig. 8 by the spread of the coherence matrix along the ''antidiagonal'' direction, no longer coincides with the nanocrystal size, but will saturate and approach the exciton Bohr radius. Figure 9 shows the coherence matrices of the ground state, the almost dark ͑exchange split-off͒ exciton, and main exciton for 3-Se. Both transitions are concentrated around the center of the nanocrystal. This again confirms our interpretation of the appearance of the transitions with small oscillator strength and proves that these are not surface states. Figure 10 shows the densities of the ground and the excited states corresponding to the main and the exchange split-off excitons, which are given by
͑3.6͒
In the ground state in all directions the charge density is symmetric with respect to the center of the nanocrystal. For the excited states the charge density is still symmetric in the (110) direction which is perpendicular to the polarization (z) direction of the exciting electric field. For the (011) direction, which involves the z direction, the charge density is anti-symmetric due to the dipole coupling to the external field. 
IV. DISCUSSION
The size dependence of the absorption spectra of semiconductor nanocrystals was analyzed using the equations of motion for the reduced single-electron density matrix. The equations are derived starting with a tight-binding Hamiltonian which systematically includes the Coulomb interaction. We discussed the influence of the different types of Coulomb interactions and showed that Fock-type interaction, which is negligible for large systems, needs to be included in small systems. This interaction leads to almost dark excitons, which show up below the main exciton transition. The inclusion of off-diagonal Coulomb-matrix elements results in a collective nature of the optical excitation, and leads to larger exciton binding energies and a better agreement with experimental transition energies compared with previous theoretical studies. A clear connection has been established between the interatomic electronic coherence ͑off-diagonal elements of the density matrix͒ and the optical spectra. For example, we have shown that both the weak below gap transitions as well as the main exciton are concentrated around the center of the nanocrystal and are not surface states. The present approach provides a unified treatment of the optical response of semiconductor nanostructures, conjugated polyenes, and molecular aggregates. In future studies it should be possible to investigate also nonlinear optical signals, such as fourwave mixing, photon echo and hole-burning 8, 13 using the equations presented in this paper. The required numerical effort is not considerably larger than the calculations of the linear response presented here. Additionally the present ap- FIG. 5 . Energies of the energetically lowest exciton with large oscillator strength for the Se and Cd surface case for different approximations: ͑A͒ neglecting the Coulomb-interaction ͑dotted͒, ͑B͒ diagonal approximation for Coulomb matrix elements keeping only the Hartree-term ͑dashed-dotted͒, ͑C͒ diagonal approximation keeping Hartree and Fock-terms ͑long-dashed͒, and ͑D͒ full calculation including all Coulomb matrix elements ͑solid͒. In the case of full calculation, we plot the exciton energy of the lowest strong peak which is indicated by asterisk in Fig. 4 . proach may be used to study much larger systems. Although the ordinary TDHF approach cannot be applied for large nanocrystals because of computational limitations, it should be possible to apply the density matrix spectral moment algorithm, 57 which has been successfully used to calculate optical spectra of large conjugated polyene chains with a few hundred carbon atoms. This should make it possible to study much larger nanocrystals, and provide a microscopic theory which can be used to study the evolution of bulk properties with size. 
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APPENDIX A: HIGHER ORDER EQUATIONS FOR THE DENSITY MATRIX IN REAL-SPACE
We have expressed the optical response in real space using matrix notation, see Eq. ͑2.17͒. In this Appendix we develop a scheme for calculating the optical response to all Middle column: at ͑d͒ ϭ2.66͑eV͒, ͑e͒ ϭ2.53͑eV͒, and ͑f͒ ϭ2.44͑eV͒ corresponding to the energetically lowest excited state along ͑011͒. Right column: at ͑g͒ ϭ2.70͑eV͒, ͑h͒ ϭ2.55͑eV͒, ͑i͒ ϭ2.44͑eV͒ corresponding to the energetically lowest excited state along ͑110͒. The Wannier-exciton in CdSe, which is reached in the bulk-limit is shown on Fig. 9͑b͒ . ͓Largeϭblue ͑corresponding to 87.6%-100% of the maximum value͒, green, yellow, redϭsmall ͑0%-12.5%͒. ͔ FIG. 9 . The coherence matrix showing correlations between electrons on different atoms for the first and second excited state for 3-Se case is shown along ͑011͒ ͑middle column͒, and along ͑110͒ ͑right hand side column͒. The first and second row correspond to the first and second excited state for 3-Se. The ground state correlation matrix for 3-Se is also shown on ͑a͒. The Wannier-exciton in CdSe, which is reached in the bulk-limit is shown on ͑b͒ ͑here the distance is measured in units of the Bohr radius͒. ͓Largeϭblue ͑corresponding to 87.6͓%͔-100% of the maximum value͒, green, yellow, redϭsmall ͑0%-12.5%͒. ͔   FIG. 10 . The densities for the first and second excited states for 3-Se case is shown along ͑110͒ ͑right hand side column͒, and along ͑011͒ ͑middle column͒. The density for the ground state for 3-Se is also shown ͑left hand side column͒. For the excited state part, the first and second row correspond to the first and second excited state for 3-Se.
orders in the field, and give the necessary equations of motions for the density matrix. In the following spin indices are included in the site indices in real space.
In order to study the nonliner response, we need to expand ␦ in the external field, 
Equations ͑A2͒ and ͑A3͒ can be used to iteratively calculate the optical response order by order.
APPENDIX B: EQUATIONS OF MOTION IN THE MOLECULAR-ORBITAL REPRESENTATION
To transform Eqs. ͑2.18͒ and ͑A2͒ to the molecular orbital basis set, we start by determining the ground state of the nanocrystal. A diagonalization of the Fock matrices of the ground state, h ji Ј (), determines the molecular orbitals ͑MO͒ and the density of states of the nanocrystal. In the MO basis we can distinguish between electrons ( p) and holes (h), corresponding to MOs with energies above ͑below͒ the band gap which are unoccupied ͑occupies͒ in the ground state.
We next transform the Hamiltonian from real-space to the MO basis: 
The Coulomb interaction can be written as: can be used to analyze the optical response to all orders in the external field; application to the nonlinear response is discussed in Appendix C. In the following we develop and discuss the equations for the linear response.
The equation of motion for the electron-hole part of the density matrix ␦ ph reads For calculating the linear response, we only need the electron-hole part of the density matrix. ͓From ͑B4͒, it is easy to verify that the equations of motion of the hole-hole part and electron-electron parts of the density matrix are at least of second order in the external field.͔
͑B8͒
Using the relation hp ϭ ph † we can solve ͑B8͒. However the contribution of the first sum on the right hand side of ͑B8͒ is negligible, because the frequencies of ␦ h 1 p 1 and ␦ p 1 h 1 have opposite sign ͑the rotating-wave approximation͒. We thus have
͑B9͒
Equation ͑B9͒ determines the electron-hole part of the density matrix, which completely determines the linear optical 
͑B11͒
A discussion of these two approximations is given in Sec. III, where we show that the Fock term, which reduces the exciton binding energy, becomes increasingly important with decreasing system size.
APPENDIX C: HIGHER ORDER EQUATIONS OF MOTION IN THE MOLECULAR-ORBITAL REPRESENTATION
In the MO representation, higher orders of the equations of motion are given by the combination of ͑B6͒ and the electron-electron and hole-hole parts of the equations of motion ͑B4͒. However, in the TDHF scheme, we need not solve the equations of motion for the electron-electron and hole-hole parts of the density matrix. 37, 40 Since the density matrix satisfies 2 (t)ϭ(t), substituting (t)ϭϩ␦(t), and using hh Ј ϭ␦ hh Ј and pp Ј ϭ0 which results from the solutions of the HF equation, we obtain Equations ͑C3͒, ͑C4͒, and ͑C5͒ may be used to iteratively compute the optical response to all orders in the external field.
APPENDIX D: THE COULOMB MATRIX ELEMENTS
Here we give the explicit form of the Coulomb term in the Hamiltonian ͑2.4͒. As indicated in Sec. II, the contribution of the off-diagonal elements of the Coulomb interaction V 1 ( i j 1 are evaluated using the Slater orbitals given in Table II 56 and given in Table III . To obtain the Coulomb integrals on different atoms i and j with the distance r i, j , we use Ohno's formula 
